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19 Properties of moduli of smoothness in Lp(Rd)
Yurii Kolomoitsev∗ and Sergey Tikhonov
Abstract. In this paper, we discuss various basic properties of moduli of smooth-
ness of functions from Lp(R
d), 0 < p ≤ ∞. In particular, complete versions of
Jackson-, Marchaud-, and Ulyanov-type inequalities are given for the whole range
of p. Moreover, equivalences between moduli of smoothness and the corresponding
K-functionals and the realization concept are proved.
1. Introduction
1.1. Goal of the paper. The subject of this paper is to collect the main properties
of moduli of smoothness in Lp(R
d), 0 < p ≤ ∞. Moduli of smoothness are known to
be a very useful concept in many areas of analysis and the PDE’s. Several basic
properties are known for a long time. For example, a version of the inequality for
moduli of smoothness of different orders – the so-called Marchaud’s inequality – was
obtained already in 1927 [39]. On the other hand, some fundamental characteristics
of ωr(f, δ)p for the whole range of p and r have remained unknown until now. In
particular, the celebrated Jackson inequality is unknown for the case 0 < p < 1 in
the multidimensional case for non-periodic functions. Moreover, inequalities between
moduli of smoothness in different metrics (the so-called Ulyanov-type inequalities), i.e.,
ωr(f, δ)q vs. ωk(f, δ)p for 0 < p < q ≤ ∞, can be found in the literature only in the
weak form [7, 11, 12, 17].
In this paper, we not only survey some basic well-known properties such as Mar-
chaud’s inquality but also obtain the complete versions of Jackson and Ulyanov in-
equalities. For this we use needed Nikolskii–Stechkin and Hardy–Littlewood–Nikolskii
type inequalities for entire functions of exponential type.
We also derive equivalences between moduli of smoothness and the following char-
acteristics: the corresponding K-functionals, the realization concept, and the average
moduli of smoothness. All of them turn out to be important tools in approximation
theory and functional analysis. Here, again, the results are well known for 1 < p <∞
and only partially known outside this range.
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Throughout the paper, for F,G ≥ 0, we use the notation F . G for the estimate
F ≤ C G, where C is a positive constant independent of the essential variables in F
and G (usually, f , δ, and σ). If F . G . F , we write F ≍ G.
Moreover, for 1 ≤ p ≤ ∞, p′ is given by 1
p
+ 1
p′
= 1. For any real number a, [a] is
the largest integer not greater than a and a+ = max{a, 0}.
1.2. Definition of moduli of smoothness. As usual, the r-th order modulus
of smoothness of a function f ∈ Lp(R
d) is defined by
(1.1) ωr(f, δ)p := sup
|h|≤δ
‖∆rhf‖p,
where
∆hf(x) = f(x+ h)− f(x), ∆
r
h = ∆h∆
r−1
h , h ∈ R
d, d ≥ 1.
Throughout the paper, by ‖f‖p we mean the (quasi-)norm ‖f‖p = ‖f‖Lp(Rd), 0 < p ≤
∞.
We also recall the definition of the modulus of smoothness ωα(f, δ)p of fractional
order α > 0:
(1.2) ωα(f, δ)p := sup
|h|≤δ
‖∆αhf‖p ,
where
(1.3) ∆αhf(x) =
∞∑
ν=0
(−1)ν
(
α
ν
)
f
(
x+ (α− ν)h
)
, h ∈ Rd,
and
(
α
ν
)
= α(α−1)...(α−ν+1)
ν!
,
(
α
0
)
=1 (see [6, 49, 55]). It is clear that for integer α
definition (1.2) coincides with the classical definition (1.1). Note that in the case of
0 < p < 1, since
(1.4)
∞∑
ν=0
∣∣∣(α
ν
)∣∣∣p <∞ for α ∈ N ∪ ((1/p− 1),∞),
it is natural to assume that α > (1/p − 1)+ while defining the fractional modulus of
smoothness in Lp.
Some basic properties of moduli of smoothness of integer order can be found in [2],
[11], [58], and [63].
1.3. Main properties of moduli of smoothness in Lp(R
d). Below we present
Properties 1–14 of (fractional) moduli of smoothness. Historical comments are given
after each statement.
Property 1. For f, f1, f2 ∈ Lp(R
d), 0 < p ≤ ∞, and α ∈ N∪ ((1/p− 1)+,∞), we
have:
(a) ωα(f, δ)p is a non-negative non-decreasing function of δ such that
lim
δ→0+
ωα(f, δ)p = 0;
(b) ωα(f1 + f2, δ)p ≤ 2
( 1
p
−1)+
(
ωα(f1, δ)p + ωα(f2, δ)p
)
;
(c) ωα(f, δ)p ≤ C(α, p)‖f‖p;
(d) ‖f‖p ≤ limδ→∞ ωα(f, δ)p ≤ C(α, p)‖f‖p if 0 < p <∞.
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Parts (a)–(c) follow from the definition and (1.4). For part (d) see [40].
Property 2. Let f ∈ Lp(R
d), 0 < p ≤ ∞, α ∈ N ∪ ((1/p− 1)+,∞), λ > 0, and
δ > 0. Then
(1.5) ωα(f, λδ)p . (1 + λ)
α+d( 1
p
−1)+ωα(f, δ)p.
Equivalently, for any 0 < h < δ, one has
(1.6)
ωα(f, δ)p
δα+d(
1
p
−1)+
.
ωα(f, h)p
hα+d(
1
p
−1)+
.
If 1 ≤ p ≤ ∞ inequality (1.5) trivially follows from the equivalence between moduli
of smoothness and K-functionals (see (1.32)). If 0 < p < 1 only the periodic analogue
of (1.5) is known. For d = 1 this was obtained in [45] (for integer α) and in [48] (for
positive α). For d ∈ N and α > 0 see [33].
In the following three properties, we deal with moduli of smoothness of integer
order.
Property 3. Let f ∈ Lp(R
d), 0 < p ≤ ∞, and r ∈ N. Then, for any δ > 0, we
have
(1.7) ωr (f, δ)p ≍
∑
k1+···+kd=r
ωk1,...,kd (f, δ)p ,
where ωk1,...,kd (f, δ)p is the mixed modulus of smoothness, that is,
ωk1,...,kd (f, δ)p = sup
|h|≤δ
‖∆k1e1h1 . . .∆
kd
edhd
f‖p.
Moreover, if 1 < p <∞, then
(1.8) ωr (f, δ)p ≍
d∑
j=1
ω(j)r (f, δ)p ,
where ω
(j)
r (f, δ)p is the partial modulus of smoothness, that is,
ω(j)r (f, δ)p = sup
|h|≤δ
‖∆rejhf‖p, j = 1, . . . , d.
For equivalence (1.7) in the case 1 ≤ p ≤ ∞ see [2, p. 338]. For periodic functions
equivalence (1.8) was given in [59]. Note also that the mixed moduli of smoothness
were studied in, e.g., [13, 42, 43, 44].
Recall that the homogeneous Sobolev norm is given by ‖f‖W˙ rp =
∑
|ν|ℓ1=r
‖Dνf‖p.
Property 4. Let 1 < p <∞ and r ∈ N. Then
(1.9) sup
h>0
ωr(f, h)p
hr
≍ ‖f‖W˙ rp .
This property can be found in, e.g., [35] and [40], see also [8].
4 YURII KOLOMOITSEV∗ AND SERGEY TIKHONOV
Property 5. Let 0 < p, q, s ≤ ∞, 1/p + 1/q = 1/s, and r ∈ N. Then for any
f ∈ Lp(R
d) and g ∈ Lq(R
d), we have
(1.10) ωr(fg, δ)s ≤
r∑
k=0
(
r
k
)
ωk(f, δ)p · ωr−k(g, δ)q,
where ω0(f, δ)p = ‖f‖p and ω0(g, δ)q = ‖g‖q.
For the proof of inequality (1.10) see [25]; see also [63, 4.6.12] for applications of
this inequality.
Property 6. Let f ∈ Lp(R
d), 0 < p ≤ ∞, 0 < q <∞, and r ∈ N. Then, for any
δ > 0
(1.11) ωr(f, δ)p ≍
(
δ−d
∫
|h|≤δ
‖∆rhf‖
q
pdh
)1/q
≍
∥∥∥∥(δ−d ∫
|h|≤δ
|∆rhf(·)|
qdh
) 1
q
∥∥∥∥
p
,
where the second equivalence holds if additionally q ≤ p.
Moreover, if 1 < p <∞ and α > 0, then
(1.12) ωα(f, δ)p ≍ δ
−d
∫
|h|≤δ
‖∆αhf‖pdh
and for any r ∈ N
(1.13) ω2r(f, δ)p ≍
∥∥∥∥δ−d ∫
|h|≤δ
∆2rh f(· − rh)dh
∥∥∥∥
p
.
If d = 1, then equivalence (1.12) holds also for any 0 < p ≤ ∞ and α > (1/p−1)+.
In the case 1 ≤ p ≤ ∞, the first equivalence (1.11) is well known, see, e.g., [11,
Ch. 6, § 5] or [27, Appendix A]; see also [13]. For periodic functions f ∈ Lp(T), 0 < p <
1, and α ∈
(
(1/p− 1)+,∞
)
, equivalence (1.12) was derived in [30]. Equivalence (1.13)
for functions on Td was obtained in [63, 8.2.9].
Property 7. (Marchaud inequality). Let f ∈ Lp(R
d), 0 < p ≤ ∞, α ∈
N ∪ ((1/p− 1)+,∞), and γ > 0 be such that α + γ ∈ N ∪ ((1/p− 1)+,∞). Then, for
any δ ∈ (0, 1), we have
(1.14) ωα(f, δ)p . δ
α
(∫ 1
δ
(
ωγ+α(f, t)p
tα
)θ
dt
t
+ ‖f‖θp
) 1
θ
,
where
(1.15) θ = θ(p) =
{
min(p, 2), p <∞;
1, p =∞.
Equivalently,
(1.16) ωα(f, δ)p . δ
α
(∫ ∞
δ
(
ωγ+α(f, t)p
tα
)θ
dt
t
) 1
θ
.
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The Marchaud inequality for the moduli of smoothness of integer order is the classi-
cal result in approximation theory (see, e.g., [11, p. 48] and [14]). The case 1 < p <∞
for fractional moduli was handled in [61, Theorem 2.1].
Property 8. Let f ∈ Lp(R
d), 0 < p ≤ ∞, and α, β ∈ N ∪ ((1/p− 1)+,∞). Then
(1.17) ωα+β(f, δ)p . ωβ(f, δ)p.
Moreover, if 1 < p <∞ and α, β > 0, then, for any δ ∈ (0, 1), we have
(1.18) δα
(∫ 1
δ
(
ωα+β(f, t)p
tα
)τ
dt
t
) 1
τ
. ωβ (f, δ)p ,
where τ = max(p, 2).
Inequality (1.17) easily follows from (1.4). Inequalities of type (1.18) in the one-
dimensional periodic case were first obtained by Timan in [60]. The general case was
developed in [10].
Property 9. (Ulyanov inequality). Let f ∈ Lp(R
d), 0 < p < q ≤ ∞,
α ∈ N ∪ ((1− 1/q)+,∞), and γ ≥ 0 be such that α + γ ∈ N ∪ ((1/p− 1)+,∞). Then,
for any δ ∈ (0, 1), we have
(1.19) ωα(f, δ)q .
(∫ δ
0
(
ωα+γ(f, t)p
tγ
η
(
1
t
))q1 dt
t
) 1
q1
+ δα‖f‖p,
where
q1 :=
{
q, q <∞;
1, q =∞
and
1) if 0 < p ≤ 1 and p < q ≤ ∞, then
(1.20) η(t) :=

td(
1
p
−1), γ > d
(
1− 1
q
)
+
;
td(
1
p
−1), γ = d
(
1− 1
q
)
+
≥ 1, d ≥ 2, and α + γ ∈ N;
td(
1
p
−1) ln
1
q1 (t+ 1), γ = d
(
1− 1
q
)
+
≥ 1, d ≥ 2, and α + γ 6∈ N;
td(
1
p
−1) ln
1
q (t+ 1), 0 < γ = d
(
1− 1
q
)
+
= 1 and d = 1;
td(
1
p
−1) ln
1
q (t+ 1), 0 < γ = d
(
1− 1
q
)
+
< 1;
td(
1
p
− 1
q
)−γ , 0 < γ < d
(
1− 1
q
)
+
;
td(
1
p
− 1
q
), γ = 0,
2) if 1 < p < q ≤ ∞, then
(1.21) η(t) :=

1, γ ≥ d(1
p
− 1
q
), q <∞;
1, γ > d
p
, q =∞;
ln
1
p′ (t + 1), γ = d
p
, q =∞;
td(
1
p
− 1
q
)−γ , 0 ≤ γ < d(1
p
− 1
q
).
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Moreover, the term δα‖f‖p in (1.19) can be dropped if
γ = 0, 0 < p < q ≤ 1;
0 ≤ γ < d(1− 1
q
), 0 < p ≤ 1 < q ≤ ∞;
γ = 1, d = 1, 0 < p ≤ 1 < q =∞;
γ = d(1− 1
q
) ≥ 1, 0 < p ≤ 1 < q ≤ ∞, d ≥ 2, α + γ ∈ N;
0 ≤ γ ≤ d(1
p
− 1
q
), 1 < p < q <∞;
0 ≤ γ < d
p
, 1 < p < q =∞.
In the case γ = 0, inequality (1.19) is the classical Ulyanov inequality of different
metrics [64], which was studied by many authors. The detailed historical review can
be found in [33]. Let us only note that the comprehensive study of (1.19) with γ = 0
was given in [17]. The sharp Ulyanov inequality in the form
ωα(f, δ)q .
(∫ δ
0
(ωα+γ(f, t)p
tγ
)q dt
t
) 1
q
, γ = d(1/p− 1/q), 1 < p < q <∞,
was first considered in [50] and [61] (see [57] for the limiting cases p = 1 and q = ∞
for functions on T). The periodic analogue of (1.19) for any γ > 0 and 0 < p < q ≤ ∞
has been recently obtained in [33].
Property 10. Let 1 ≤ p ≤ ∞ and r,m ∈ N. Then
(1.22) δ−mωr+m(f, δ)p . sup
|β|=m
ωr(D
βf, δ)p .
∫ δ
0
u−mωr+m(f, u)p
du
u
.
Moreover, if 1 < p <∞, then
(1.23) sup
|β|=m
ωr(D
βf, δ)p .
(∫ δ
0
(u−mωr+m(f, u)p)
θ du
u
)1/θ
,
where θ = min (p, 2). If, in addition, f is such that ∂
mf
∂xmj
∈ Lp(R
d) for j = 1, . . . , d,
then,
(1.24)
(∫ δ
0
(u−mωr+m(f, u)p)
τ du
u
)1/τ
. sup
j=1,...,d
ωr
(
∂mf
∂xmj
, δ
)
p
,
where τ = max (p, 2).
For inequalities (1.22) see [2, p. 342–343]. Inequality (1.23) was proved in [61,
Theorem 2.3]. Inequality (1.24) has been recently obtained in [19, Theorem 12.2].
See also [18], [31], and [32] for periodic analogues of (1.22) and (1.23) in the case
0 < p < 1.
To formulate the next properties, we introduce some notations. By Bσ,p = Bσ,p(R
d),
σ > 0, 0 < p ≤ ∞, we denote the Bernstein space of entire functions of exponential
type σ (e.f.e.t.). That is, f ∈ Bσ,p if f ∈ Lp(R
d) ∩Cb(R
d) and suppF(f) ⊂ Bσ = {x ∈
R
d : |x| < σ}. Here and in what follows, the Fourier transform of f ∈ L1(R
d) is given
by
f̂(ξ) = F(f)(ξ) =
∫
Rd
f(x)e−i(x,ξ)dx.
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In the case 0 < p < 1, we assume that f ∈ S ′(Rd).
Let Eσ(f)p be the best approximation of f ∈ Lp(R
d) by e.f.e.t. P ∈ Bσ,p, i.e.,
Eσ(f)p = inf
P∈Bσ,p
‖f − P‖p.
Property 11. (Jackson inequality). Let f ∈ Lp(R
d), 0 < p ≤ ∞, σ > 0, and
α ∈ N ∪
(
(1/p− 1)+,∞
)
. Then
(1.25) Eσ(f)p . ωα
(
f,
1
σ
)
p
.
Moreover, if 1 < p <∞ and α > 0, then for any σ ≥ 1 we have
(1.26)
1
σα
( [σ]∑
k=0
(k + 1)ατ−1Ek(f)
τ
p
) 1
τ
. ωα
(
f,
1
σ
)
p
,
where τ = max(p, 2).
For Jackson’s inequality (1.25) in the case 1 ≤ p ≤ ∞ see, e.g., [58, p. 279]. In the
case 0 < p < 1, α ∈ N, and d = 1, this inequality was derived in [56] (see also [5]).
Inequality (1.26) was obtained in [10]. It is worth mentioning that this inequality
is equivalent to (1.18), see [10]. Some historical remarks on Jackson’s inequality for
periodic functions can be found in [24].
Property 12. (Inverse approximation theorem). Let f ∈ Lp(R
d), 0 < p ≤
∞, α ∈ N ∪ ((1/p− 1)+,∞), and σ ≥ 1. Then we have
(1.27) ωα
(
f,
1
σ
)
p
.
1
σα
( [σ]∑
k=0
(k + 1)αθ−1Ek(f)
θ
p
) 1
θ
,
where θ is given by (1.15).
In the case 1 ≤ p ≤ ∞, α ∈ N, inequality (1.27) is well known (see, e.g., [11,
Ch. 7], [9], [58] and the references therein). In the case 0 < p < 1, d = 1, and α ∈ N,
inequality (1.27) was obtained in [56]. In other cases, the result seems to be new
(cf. [15]). The proof is based on the corresponding Bernstein inequality.
Property 13. Let f ∈ Lp(R
d), 0 < p ≤ ∞, and α ∈ N ∪ ((1/p − 1)+,∞). The
following conditions are equivalent:
(i) for some β > α + (1/p− 1)+ we have
ωα(f, δ)p ≍ ωβ(f, δ)p for all δ ∈ (0, 1),
(ii) there holds
ωα
(
f,
1
σ
)
p
≍ Eσ(f)p for all σ ≥ 1.
In the case 1 ≤ p ≤ ∞ and α ∈ N, this property was obtained in [46] (the case
d = 1) and in [21] (the case d ≥ 1). In the case 0 < p < 1, Property 13 is known only
for functions f ∈ Lp(T) and f ∈ Lp[−1, 1], see, e.g., [28] and [31].
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In what follows, we will use the directional derivative of f of order α > 0 along a
vector ζ ∈ Rd given by
Dαζ f(x) = F
−1
(
(iξ, ζ)αf̂(ξ)
)
(x).
Property 14. Let f ∈ Lp(R
d), 0 < p ≤ ∞, and α ∈ N ∪ ((1/p− 1)+,∞). Then
(1.28) 2−nα sup
|ζ|=1, ζ∈Rd
‖Dαζ P2n‖p . ωα(f, 2
−n)p .
∞∑
k=n+1
2−kα sup
|ζ|=1, ζ∈Rd
‖Dαζ P2k‖p,
where P2k ∈ B2k ,p are such that ‖f − P2k‖p = E2k(f)p.
Moreover, if 1 < p <∞, then(
∞∑
k=n+1
2−kατ‖(−∆)α/2P2k‖
τ
p
) 1
τ
. ωα(f, 2
−n)p
.
(
∞∑
k=n+1
2−kαθ‖(−∆)α/2P2k‖
θ
p
) 1
θ
,
(1.29)
where τ = max(2, p) and θ = min(2, p).
In the case 1 ≤ p ≤ ∞, inequalities (1.28) were obtained in [34, Theorem 6.1].
Inequalities (1.29) were proved in [34, Theorem 6.2].
Now we deal with equivalence results for moduli of smoothness in terms of K-
functionals and their realizations. Let us recall that for any f ∈ Lp(R
d), 1 ≤ p ≤ ∞,
and r ∈ N, we have (see [26] and [2, Ch.5])
(1.30) ωr(f, δ)p ≍ K(f, δ;Lp(R
d), W˙ rp (R
d)) := inf
g
{‖f − g‖p + δ
r‖g‖W˙ rp }.
Moreover, in the case 1 < p <∞ and α > 0 we have (see [65])
(1.31) ωα(f, δ)p ≍ K(f, δ;Lp(R
d), H˙αp (R
d)) := inf
g
{‖f − g‖p + δ
α‖(−∆)α/2g‖p}.
To obtain analogues of the above equivalences for all 0 < p ≤ ∞ and α > 0, we
introduce the following K-functional with respect to the directional derivative:
Kα(f, δ)p = inf
g
{‖f − g‖p + δ
α sup
|ζ|=1, ζ∈Rd
‖Dαζ g‖p}.
Property 15. Let f ∈ Lp(R
d), 1 ≤ p ≤ ∞, and α > 0. Then, for any δ ∈ (0, 1),
we have
(1.32) ωα(f, δ)p ≍ Kα(f, δ)p.
This equivalence fails for 0 < p < 1 since in this case Kα(f, δ)p ≡ 0 (see [16]). A
suitable substitute for the K-functional for p < 1 is the realization concept given by
Rα(f, δ)p = inf
P∈B1/δ,p
{
‖f − P‖p + δ
α sup
ζ∈Rd, |ζ|=1
‖Dαζ P‖p
}
.
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Property 16. Let f ∈ Lp(R
d), 0 < p ≤ ∞, and α ∈ N ∪
(
(1/p− 1)+,∞
)
. Then,
for any δ ∈ (0, 1), we have
(1.33) ωα(f, δ)p ≍ Rα(f, δ)p.
Moreover, if P ∈ B1/δ,p is such that ‖f − P‖p . E1/δ(f)p, then
(1.34) ωα(f, δ)p ≍ ‖f − P‖p + δ
α sup
ζ∈Rd, |ζ|=1
‖Dαζ P‖p.
In particular, we have for r ∈ N
(1.35) ωr(f, δ)p ≍ inf
P∈B1/δ,p
{
‖f − P‖p + δ
r‖P‖W˙ rp
}
.
Moreover, if P ∈ B1/δ,p is such that ‖f − P‖p . E1/δ(f)p, then
ωr(f, δ)p ≍ ‖f − P‖p + δ
r‖P‖W˙ rp .
In the case 1 < p < ∞, equivalence (1.33) is a combination of results from [23]
and (1.31). For the case 0 < p ≤ 1, d = 1, and α ∈ N see [16].
Remark. Note that Properties 1–16 except Property 1(d) hold for periodic func-
tions from Lp(T
d). Observe that for f ∈ Lp(T
d), 0 < p ≤ ∞, the term ‖f‖p in (1.14)
and (1.19) can dropped.
2. Useful inequalities for entire functions
2.1. Polynomial inequalities of Nikol’skii–Stechkin–Boas–types.
Lemma 1. Let 0 < p ≤ ∞, α, σ > 0, and ζ ∈ Rd, 0 < |ζ | < 1/σ. Then, for any
Pσ ∈ Bσ,p, we have
(2.1) ‖Dαζ Pσ‖p ≍ ‖∆
α
ζPσ‖p,
where the constants in this equivalence depend only on p, α, and d.
Proof. Inequalities (2.1) are proved in [36] using certain estimates for maximal
functions. Alternatively, (2.1) can be shown repeating step-by-step the proof of the
corresponding result for trigonometric polynomials given in [33, Theorem 3.1]. 
For periodic functions f ∈ Lp(T), 1 ≤ p ≤ ∞, equivalence (2.1) is the known result
by Nikol’skii [41], Stechkin [51], and Boas [3]. Detailed historical observations can be
found in [33, Section 3].
Using the fact that ωα(Pσ, δ)p = supζ∈Rd, |ζ|=1
∥∥∆αζδPσ∥∥p, we obtain the following
result.
Corollary 2. Let 0 < p ≤ ∞, α, σ > 0, and 0 < δ ≤ 1/σ. Then, for any
Pσ ∈ Bσ,p, we have
(2.2) sup
ζ∈Rd, |ζ|=1
‖Dαζ Pσ‖p ≍ δ
−αωα(Pσ, δ)p.
In particular, there holds
σαωα(Pσ, 1/σ)p ≍ δ
−αωα(Pσ, δ)p.
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Further, using (2.2) and (1.4), we obtain the following Bernstein type inequality
for fractional directional derivatives of entire functions.
Corollary 3. Let 0 < p ≤ ∞, α ∈ N ∪ ((1/p − 1)+,∞), and σ > 0. Then, for
any Pσ ∈ Bσ,p, we have
(2.3) sup
ζ∈Rd, |ζ|=1
‖Dαζ Pσ‖p . σ
α‖Pσ‖p.
Inequality (2.3) is the classical Bernstein inequality for d = 1 (see, e.g., [12, Ch. 4]).
For the fractional α and d = 1 see [38] and [1]. For 1 ≤ p ≤ ∞, α > 0, and d ∈ N,
inequality (2.3) can be obtained from [65, Theorem 3].
For moduli of smoothness of integer order, we have the following Nikol’skii–
Stechkin–Boas result.
Corollary 4. Let 0 < p ≤ ∞, r ∈ N, σ > 0, and 0 < δ ≤ 1/σ. Then, for any
Pσ ∈ Bσ,p, we have
‖Pσ‖W˙ rp ≍ δ
−rωr(Pσ, δ)p.
Proof. The proof is the same as the proof of Theorem 3.2 in [33]. It is based on
Lemma 1, Corollary 2, and equivalence (1.7). 
We will also need the following equivalence between the fractional Laplacian and
the directional derivatives.
Corollary 5. Let 1 < p < ∞ and α > 0. Then, for any P ∈ Bσ,p, σ > 0, we
have
sup
ζ∈Rd, |ζ|=1
‖Dαζ P‖p ≍ ‖(−∆)
α/2P‖p.
Moreover, if 0 < p ≤ ∞ and r ∈ N, then
(2.4) sup
ζ∈Rd, |ζ|=1
‖DrζP‖p ≍ ‖P‖W˙ rp .
Proof. The first part follows from (2.2) and the equivalence δ−αωα(P, δ)p ≍
‖(−∆)α/2P‖p for P ∈ B1/δ,p, 1/δ = σ, (see [65]). Equivalence (2.4) follows from
Corollaries 4 and 2. 
Note that (2.4) can be extended for any f ∈ W rp (R
d), 1 ≤ p ≤ ∞, and r ∈ N. We
have
‖f‖W˙ rp ≍ sup
ζ∈Rd, |ζ|=1
‖Drζf‖p.
2.2. Hardy–Littlewood–Nikol’skii inequalities for entire functions. For
applications, in particular, to obtain the sharp Ulyanov inequality for moduli of smooth-
ness (Property 9), it is important to derive the Hardy-Littlewood-Nikol’skii inequalities
for directional derivatives. As a simple example of such inequalities, we mention the
following estimate:
sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖q . η(σ) sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p, Pσ ∈ Bσ,p.
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For η(σ) = 1, γ = d(1/p − 1/q), and 1 < p < q < ∞, this corresponds to the
Hardy-Littlewood inequality for fractional integrals. For η(σ) = σd(
1
p
− 1
q
), γ = 0, and
0 < p < q ≤ ∞, this coincides with the Nikolskii inequality ‖Pσ‖q . σ
d( 1
p
− 1
q
)‖Pσ‖p,
Pσ ∈ Bσ,p.
In this subsection, we obtain similar inequalities for the previously unknown cases
0 < p ≤ 1 and q =∞.
Let us recall the definition of the Besov space Bsp,q(R
d) (see, e.g., [62]). We consider
the Schwartz function ϕ ∈ S (Rd) such that suppϕ ⊂ {ξ ∈ Rd : 1/2 ≤ |ξ| ≤ 2},
ϕ(ξ) > 0 for 1/2 < |ξ| < 2, ϕ(ξ) = 1 for 5/4 < |ξ| < 7/4, and
∞∑
k=−∞
ϕ(2−kξ) = 1 if ξ 6= 0.
We also introduce the functions ϕk and ψ by means of the relations
Fϕk(ξ) = ϕ(2
−kξ) and Fψ(ξ) = 1−
∞∑
k=1
ϕ(2−kξ).
We say that f ∈ S ′(Rd) belongs to the (non-homogeneous) Besov space Bsp,q(R
d),
s ∈ R, 0 < p, q ≤ ∞, if
‖f‖Bsp,q(Rd) = ‖ψ ∗ f‖p +
( ∞∑
k=1
2sqk‖ϕk ∗ f‖
q
p
)1/q
<∞
(with the usual modification in the case q =∞).
Lemma 6. Let 0 < p ≤ 1, 1 < q < ∞, α > 0, γ = d(1 − 1/q), σ ≥ 1, and
α + γ 6= 2k + 1, k ∈ Z+. Then, for any Pσ ∈ Bσ,p, we have
sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖q . σ
d( 1
p
−1) ln
1
q (σ + 1) sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p + ‖Pσ‖q.
Proof. Let n ∈ N be such that 2n−1 ≤ σ < 2n. We have
Pσ = Pσ ∗ ψ +
n+1∑
k=1
Pσ ∗ ϕk.
By Corollary 5 and the embedding B
d(1−1/q)
1,q (R
d) ⊂ Lq(R
d) (see, e.g., [62, 2.7.1]), we
derive
sup
|ζ|=1, ζ∈Rd
‖Dαζ (Pσ − Pσ ∗ ψ)‖q . ‖(−∆)
α/2(Pσ − Pσ ∗ ψ)‖q
.
(
n+1∑
k=1
2d(q−1)k‖(−∆)α/2Pσ ∗ ϕk‖
q
1
) 1
q
.
(
n+1∑
k=1
2d(q−1)k−γqk‖Dα+γPσ‖
q
1
) 1
q
,
(2.5)
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where
Dα+γPσ(x) :=
d∑
j=1
(
∂
∂xj
)α+γ
Pσ(x) = F
−1
(
w(ξ)P̂σ(ξ)
)
(x),
and w(ξ) := (iξ1)
α+γ + · · · + (iξd)
α+γ. In the last inequality in (2.5), we applied the
fact that the function
g(ξ) =
|ξ|αϕ(ξ)
(iξ1)α+γ + · · ·+ (iξd)α+γ
=
|ξ|αϕ(ξ)
w(ξ)
is the Fourier multiplier in L1(R
d), i.e., ‖F−1(gf̂)‖1 . ‖f‖1 for any f ∈ L1(R
d). To
verify this, one can use Theorem 6.8 in [37] stating that if g ∈ L1(R
d) andDνg ∈ Lp(R
d)
for some 1 < p ≤ 2 and all ν ∈ {0, 1}d, ν 6= 0, then g is an L1-multiplier. Here we
observe that
w(ξ) = cos
(α + γ)pi
2
(
|ξ1|
α+γ + · · ·+ |ξd|
α+γ
)
+ i
(
sin
(α+ γ)pi sign ξ1
2
|ξ1|
α+γ + · · ·+ sin
(α + γ)pi sign ξd
2
|ξd|
α+γ
)
,
which implies that Rew(ξ) 6= 0 for ξ 6= 0 and α + γ 6= 2k + 1, k ∈ Z+.
Next, using Nikolskii’s inequality, we derive from (2.5) that
sup
|ζ|=1, ζ∈Rd
‖Dαζ (Pσ − Pσ ∗ ψ)‖q .
(
n+1∑
k=1
‖Dα+γPσ‖
q
1
) 1
q
≍ n
1
q ‖Dα+γPσ‖1
. 2d(
1
p
−1)nn
1
q ‖Dα+γPσ‖p
. σd(
1
p
−1) ln
1
q (σ + 1) sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p.
(2.6)
Finally, taking into account Bernstein’s inequality (2.3) and Young’s convolution in-
equality, we get
sup
|ζ|=1, ζ∈Rd
‖Dαζ (Pσ ∗ ψ)‖q . ‖Pσ ∗ ψ‖q . ‖Pσ‖q.
This and (2.6) imply the required estimate. 
Lemma 7. Let P ∈ Bσ,1, σ > 0.
(i) For 1/q∗ = (d− 1)/d, we have
(2.7) ‖P‖q∗ ≤
1
d
d∑
j=1
∥∥∥∥ ∂P∂xj
∥∥∥∥
1
.
(ii) We have
(2.8) ‖P‖∞ ≤ ‖P‖W˙ d1 .
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Proof. Inequality (2.7) is given in [52, pp. 129–130]. To prove (2.8), we use the
equality
P (x) =
∫ x1
−∞
· · ·
∫ xd
−∞
∂d
∂x1 . . . ∂xd
P (t1, . . . , td)dt1 . . . dtd
noting that by Theorem 3.2.5 in [42] we have lim|x|→∞ P (x) = 0. 
Now, we obtain the sharp version of the Hardy-Littlewood-Nikolskii inequality in
the case α+ γ ∈ N and γ ≥ 1, cf. Lemma 6.
Lemma 8. Let 0 < p ≤ 1, 1 < q ≤ ∞, d ≥ 2, α > 0, γ = d(1 − 1/q) ≥ 1, and
α + γ ∈ N. Then, for any Pσ ∈ Bσ,p, we have
(2.9) sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖q . σ
d( 1
p
−1) sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p.
Proof. By Nikol’skii’s inequality, we have
‖Pσ‖W˙α+γ1
. sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖1 . σ
d( 1
p
−1) sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p
and, therefore, by Corollary 5,
(2.10)
sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖q
sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p
. σd(
1
p
−1)

‖(−∆)α/2Pσ‖q
‖Pσ‖W˙α+γ1
, 1 < q <∞;
‖Pσ‖W˙αq
‖Pσ‖W˙α+γ1
, q =∞.
First, we consider the case 1 < q <∞. Choose q∗ ∈ (1, q] such that
γ − 1 = d
(
1
q∗
−
1
q
)
.
Then, using the Hardy-Littlewood inequality for fractional integrals and Lemma 7 (i),
we have
‖(−∆)α/2Pσ‖q . ‖(−∆)
(α+γ−1)/2Pσ‖q∗ . ‖Pσ‖W˙α+γ−1
q∗
. ‖Pσ‖W˙α+γ1
,
which together with (2.10) implies (2.9).
To obtain (2.9) in the case q =∞, it is enough to note that by (2.8), we have
‖Pσ‖W˙α∞ . ‖Pσ‖W˙α+d1
,
which completes the proof.

Lemma 9. Let 1 < p < ∞, α > 0, γ = d/p, and σ ≥ 1. Then, for any Pσ ∈ Bσ,p,
we have
(2.11) sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖∞ . ln
1
p′ (σ + 1) sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p + ‖Pσ‖p.
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Proof. The proof is based on the Bre´zis–Wainger-type inequality (see [4]), which
states that for every f ∈ H lq(R
d), 1 ≤ q ≤ ∞, 1 < p <∞, and l > d/q, one has
(2.12) ‖f‖∞ .
(
1 + ln
1
p′ (1 + ‖f‖Hlq)
)
provided that ‖f‖Hkp ≤ 1 with k = d/p. Here, H
s
p(R
d) is the fractional Sobolev space,
i.e., ‖f‖Hsp = ‖(I −∆)
s/2f‖p <∞.
We use inequality (2.12) with f = Pσ
‖Pσ‖Hγp
, γ = k = d/p, q = p, and l = d/p + 1.
Then the Bernstein inequality implies that
‖Pσ‖∞ .
(
1 + ln
1
p′
(
1 +
‖Pσ‖Hγ+1p
‖Pσ‖Hγp
))
‖Pσ‖Hγp . ln
1
p′ (1 + σ) ‖Pσ‖Hγp .
Next, taking into account that ‖Pσ‖Hγp ≍ ‖(−∆)
γ/2Pσ‖p + ‖Pσ‖p, Corollary 5, and the
Bernstein inequality, we derive
sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖∞ . ln
1
p′ (1 + σ)
(
‖(−∆)(γ+α)/2Pσ‖p + ‖(−∆)
α/2Pσ‖p
)
. ln
1
p′ (1 + σ)
(
‖(−∆)(γ+α)/2Pσ‖p + σ
α‖Pσ‖p
)
.
(2.13)
Finally, using the substitution Pσ(·) → Pσ(ε·) with ε = σ
pα+δ, δ > 0, by homogeneity
we see that inequality (2.13) can be written in the following form:
sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖∞ . ln
1
p′ (1 + σ) ‖(−∆)(γ+α)/2Pσ‖p + ‖Pσ‖p,
which by Corollary 5 implies (2.11). 
3. Proofs of Properties 1–16
Property 1. The proof of statements (a) (b), and (c) is standard. For details see
also [6, 49, 55]. The proof of (d) repeats the proof of (3.6) in [40].
Property 2. To prove (1.5), we follow the ideas from [47, p. 194] and [33, Theo-
rem 4.3]. We will consider only the case 0 < p < 1. The case 1 ≤ p ≤ ∞ follows from
(1.32).
Denote δ = (δ1, . . . , δd) ∈ R
d, δj > 0, j = 1, . . . , d, and
Kδ(x) = ϕ̂δ(x),
where ϕδ(t) = v ((δ, t)), v ∈ C
∞(R), v(s) = 1 for |s| ≤ 1/2 and v(s) = 0 for |s| > 1.
We can assume that λ > 1. Suppose also that |δ| ≤ h and P ∈ B1/h,p. Using
Property 1 and Lemma 1, we obtain
‖∆αλδf‖
p
p . ‖f −Kλδ ∗ P‖
p
p + ‖∆
α
λδ(Kλδ ∗ P )‖
p
p
. ‖f − P‖pp + ‖P −Kλδ ∗ P‖
p
p + ‖D
α
λδ(Kλδ ∗ P )‖
p
p
= ‖f − P‖pp + ‖P −Kλδ ∗ P‖
p
p + λ
αp‖Kλδ ∗D
α
δ P‖
p
p.
(3.1)
Now, we will show that
(3.2) ‖P −Kλδ ∗ P‖p . λ
α+d( 1
p
−1)‖Dαδ P‖p
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and
(3.3) ‖Kλδ ∗D
α
δ P‖p . λ
d( 1
p
−1)‖Dαδ P‖p.
It is easy to see that (3.2) is equivalent to the following inequality
‖Aλδ ∗ P‖p . λ
d( 1
p
−1)‖P‖p for all P ∈ B1/h,p,
where
Aδ(x) = ψ̂δ(x)
and
ψδ(t) =
(1− ϕδ(t))
(it, δ)α
v
(
2−1
√
(t1δ1)2 + · · ·+ (tdδd)2
)
.
Using the properties of the convolution algebras in Lp(R
d), 0 < p < 1, see, e.g., [54,
p. 220], we have
‖Aλδ ∗ P‖p .
(
d∏
j=1
δj
)1− 1
p
‖Aλδ‖p‖P‖p = ‖ψ̂λ1‖p‖P‖p
= λd(
1
p
−1)‖ψ̂1‖p‖P‖p . λ
d( 1
p
−1)‖P‖p,
that is, (3.2) is verified. Inequality (3.3) can be obtained similarly.
Combining (3.1)–(3.3), we obtain
‖∆αλδf‖p . ‖f − P‖p + λ
α+d( 1
p
−1)‖Dαδ P‖p
. λα+d(
1
p
−1)
(
‖f − P‖p + |δ|
α sup
|ζ|=1, ζ∈Rd
‖Dαζ P‖p
)
.
Finally, taking infimum over all P ∈ B1/h,p and using (1.33), we get
‖∆αλδf‖p . λ
α+d( 1
p
−1)Rα(f, h)p . λ
α+d( 1
p
−1)ωα(f, h)p,
which yields (1.5). 
Property 2 immediately implies the following result.
Remark. Let f ∈ Lp(R
d), 0 < p ≤ ∞, and α ∈ N∪((1/p−1)+,∞). Then there ex-
ists a function ϕ such that ϕ(δ)→ 0 as δ → 0, ϕ(δ) is nondecreasing, ϕ(δ)δ−α−d(1/p−1)+
is nonincreasing, and
ϕ(δ) ≍ ωα(f, δ)p, δ > 0.
Proof. Let us define ϕ(t) := tβ inf0<ξ≤t{ξ
−βωα(f, ξ)p} with β = α + d(1/p− 1)+.
It is not difficult to see that ϕ satisfies the required properties. Clearly, ϕ(δ) ≤
ωα(f, δ)p. At the same time by (1.6) we have
ωα(f, t)p . t
β inf
0<ξ≤t
{
ξ−βωα(f, ξ)p
}
= ϕ(t).

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Property 3. In the case 1 ≤ p ≤ ∞, the proof of (1.7) is given in [2, Lemma 4.11,
p. 338] and is based on the representation of the total difference of a function via the
sum of the mixed differences (Kemperman’s formula). Following the same proof, we
arrive at equivalence (1.7) in the case 0 < p < 1 as well.
The proof of (1.8) can be obtained repeating the proof of Theorem 8 in [59]. 
Property 4. The proof of (1.9) follows from the equivalence of the K-functional
corresponding to the couple (Lp, W˙
r
p ) and the modulus ωr(f, δ)p and the closedness of
the unit ball W˙ rp (R
d) in Lp(R
d), see [35] and [8].
Property 5. The proof of (1.10) follows by applying the Ho¨lder inequality and
the following equality, which can be easily verified by induction:
∆rh(fg) =
r∑
k=0
(
r
k
)
∆khf(x)∆
r−k
h g(x+ kh).
Property 6. In the case α ∈ N, the first equivalence in (1.11) can be proved by
standard way using the equality
(3.4) ∆rhf(x) =
r∑
k=1
(−1)k
(
r
k
)
[∆rktf(x+ kh)−∆
r
h+ktf(x)],
which holds for any t, h ∈ Rd, see, e.g. [11, Ch. 6, § 5]. Let us give the detailed proof
of the estimate
(3.5) ωr(f, δ)p .
∥∥∥∥(δ−d ∫
|h|≤δ
|∆rtf(·)|
qdt
)1/q∥∥∥∥
p
.
The inverse inequality is clear by Minkowski’s inequality under the condition q ≤ p.
By (3.4), we have for any positive q and δ ≥ |h| that
(3.6) |∆rhf(x)|
q .
r∑
k=1
δ−d
∫
|t|≤δ
(
|∆rktf(x+ kh)|
q + |∆rh+ktf(x)|
q
)
dt.
Therefore,
‖∆rhf‖p .
r∑
k=1
∥∥∥∥(δ−d ∫
|t|≤δ
|∆rktf(x+ kh)|
qdt
)1/q∥∥∥∥
p
+
r∑
k=1
∥∥∥∥(δ−d ∫
|t|≤δ
|∆rh+ktf(x)|
qdt
)1/q∥∥∥∥
p
.
∥∥∥∥(δ−d ∫
|t|≤(r+1)δ
|∆rtf(x)|
qdt
)1/q∥∥∥∥
p
.
(3.7)
Using Property 2, it is not difficult to see that (3.7) implies (3.5).
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Now, we prove (1.12) for fractional moduli of smoothness. It is clear that it suffices
to prove the estimate from above. Let P ∈ Bλα/δ,p, where λα ∈ (0, 1) will be chosen
later. By (1.31), we have
(3.8) ωα(f, δ)p . ‖f − P‖p + δ
α‖(−∆)α/2P‖p.
Suppose that ‖f − P‖p . Eλα/δ(f)p. Using Jackson’s inequality (1.25), Property 2,
and (1.11), we have for r > α that
‖f − P‖p . ωr(f, λ
−1
α δ)p . ωr(f, δ)p
. δ−d
∫
|h|≤δ
‖∆rhf‖pdh . δ
−d
∫
|h|≤δ
‖∆αhf‖pdh.
(3.9)
Let us show that
(3.10) δα‖(−∆)α/2P‖p .
∥∥∥∥δ−d ∫
|h|≤δ
∆αhP (· − αh)dh
∥∥∥∥
p
.
We will follow an idea from [63, 8.2.9], see also [29]. First, we note that (3.10) can be
rewritten in the following equivalent form
‖Λδ,α(P )‖p . ‖P‖p for any P ∈ Bλα/δ,p,
where
Λδ,α(P )(x) = F
−1
(
g(δξ)P̂ (ξ)
)
(x)
and
g(x) =
|x|αv(λ−1α x)∫
|h|≤1
(1− ei(h,x))αdh
,
v ∈ C∞(Rd), v(x) = 1 for |x| ≤ 1 and v(x) = 0 for |x| ≥ 2. Thus, to prove (3.10)
it suffices to show that the function g is a Fourier multiplier in Lp(R
d). After some
simple calculations, we derive that∫
|h|≤1
(1− ei(h,x))αdh = cd
∫ 1
0
rd−1
∫ 1
−1
(1− eiru|x|)α(1− u2)
d−3
2 dudr
= cd2
α+1
∫ 1
0
rd−1
∫ 1
0
cos
α(ru|x| − pi)
2
(
sin
ru|x|
2
)α
(1− u2)
d−3
2 dudr,
(3.11)
where cd =
2pi
d−1
2
Γ(d−1
2
)
. It is clear that we can always find positive λα such that the
integral in (3.11) is strictly positive or negative for 0 < |x| ≤ 2λα. Setting g(0) =
lim|x|→0
|x|αv(λ−1α x)∫
|h|≤1(1−e
i(h,x))αdh
and taking into account (3.11), we see that g is a smooth
function on Rd \{0} with a compact support. Thus, g is a Fourier multiplier in Lp(R
d)
(see [22, 5.2.3]) and, therefore, (3.10) holds.
Next, combining (3.9) and (3.10) and using Minkowski’s inequality, we derive
δα‖(−∆)α/2P‖p . ‖f − P‖p +
∥∥∥∥δ−d ∫
|h|≤δ
∆αhf(· − αh)dh
∥∥∥∥
p
. δ−d
∫
|h|≤δ
‖∆αhf‖pdh.
(3.12)
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Finally, collecting (3.8), (3.9), and (3.12), we prove the required estimate.
To prove (1.12) in the cases d = 1 and α > (1/p − 1)+ one should repeat step-
by-step the proof of Theorem 2.1 from [30] using the Jackson inequality (1.25) and
Lemma 1. Equivalence (1.13) was obtained in [63, 8.2.9] for periodic functions. The
proof on Rd is similar using the fact that ξj/|ξ| is the Fourier multiplier in Lp(R
d). 
Property 7. The proof of (1.14) is a combination of the direct and inverse esti-
mates (1.25) and (1.27) as well as the relation ωα(f, δ)p ≍ ωα(f, 2δ)p (see (1.5)). Note
that E0(f)p ≤ ‖f‖p.
Inequality (1.16) follows from (1.14) by replacing f → f(ε·) and δ → δ
ε
, changing
the variables and letting ε→∞. On the other hand, (1.16) clearly implies (1.14) since
ωγ+α(f, t)p . ‖f‖p. 
Property 8. Inequality (1.17) follows from (1.4). Inequality (1.18) follows
from [10] and (1.31). 
Property 9. This property follows from Theorem 12 below taking m = γ. We
start with the following lemma which is a combination of a non-sharp version of the
Ulyanov inequality (see (3.15) below) and the Marchaud inequality given in Property 7.
Lemma 10. Let f ∈ Lp(R
d), 0 < p < q ≤ ∞, α ∈ N∪((1/q−1)+,∞), and γ,m > 0
be such that α + γ, α +m,m − γ ∈ N ∪ ((1/p − 1)+,∞). Then, for all δ ∈ (0, 1), we
have
ωα(f, δ)q . δ
α
(∫ 1
δ
(
ωα+γ(f, t)p
tα+d(
1
p
− 1
q
)
)θ
dt
t
+ ‖f‖θp
) 1
θ
+
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
,
(3.13)
where
(3.14) θ =
{
min(q, 2), q <∞;
1, q =∞,
q1 =
{
q, q <∞;
1, q =∞.
Proof. The proof follows by applying the weighted Hardy inequality for averages
(see, e.g., [2, p. 124]), the Marchaud inequality given by (1.14), and the following
Ulyanov type inequalities (see [17, Theorem 7.2])
(3.15) ωα(f, δ)q .
(∫ δ
0
(
ωα(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
and
(3.16) ‖f‖q .
(∫ 1
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+ ‖f‖p.
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In the latter estimate we have taken into account the general version of Jackson’s
inequality in (1.25). Finally, in light of (3.16), we have
‖f‖q .
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+
(∫ 1
δ
(
ωα+m(f, t)p
tα+d(
1
p
− 1
q
)
)θ
dt
t
+ ‖f‖θp
) 1
θ
.

Corollary 11. Under the conditions of Lemma 10, we have
ωα(f, δ)q .
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+ δα‖f‖p
+
ωα+γ(f, δ)p
δγ+d(
1
p
−1)+

1, γ > d
(
1
p
− 1
q
)
− d
(
1
p
− 1
)
+
;
ln1/θ
(
1
δ
+ 1
)
, γ = d
(
1
p
− 1
q
)
− d
(
1
p
− 1
)
+
;(
1
δ
)d( 1
p
− 1
q
)−d( 1
p
−1)+−γ , γ < d
(
1
p
− 1
q
)
− d
(
1
p
− 1
)
+
.
(3.17)
The proof of the corollary follows from inequality (3.13) and Property 2.
Now we present a slightly stronger version of the sharp Ulyanov inequality than the
one given in (1.19).
Theorem 12. Let f ∈ Lp(R
d), 0 < p < q ≤ ∞, α ∈ N ∪ ((1 − 1/q)+,∞), and
γ,m ≥ 0 be such that α + γ, α + m,m − γ ∈ N ∪ ((1/p − 1)+,∞). Then, for any
δ ∈ (0, 1), we have
(3.18) ωα(f, δ)q . δ
α‖f‖p +
ωα+γ(f, δ)p
δγ
η
(
1
δ
)
+
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
,
where the function η is defined in (1.20) and (1.21).
Proof. The case γ = 0 is given in (3.15). If γ > 0, we devide the proof into two
cases: 0 < p ≤ 1 and p > 1. First, consider the case 0 < p ≤ 1 and p < q ≤ ∞. Then
we apply inequality (3.17) in the following form:
ωα(f, δ)q . δ
α‖f‖p +
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+
ωα+γ(f, δ)p
δγ+d(
1
p
−1)

1, γ > d
(
1− 1
q
)
;
ln1/θ
(
1
δ
+ 1
)
, γ = d
(
1− 1
q
)
;(
1
δ
)d(1− 1
q
)−γ
, 0 < γ < d
(
1− 1
q
)
.
Hence, (3.18) holds for the following parameters:
(i) γ > 0 and 0 < q ≤ 1;
(ii) γ = d(1− 1/q) and 1 < q ≤ 2 with α + γ 6∈ N;
(iii) γ = d(1− 1/q) and q =∞ with α + γ 6∈ N;
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(iv) 0 < γ < d (1− 1/q)+.
Thus, in the case 0 < p ≤ 1 it remains to consider:
(v) γ = d (1− 1/q) ≥ 1, α+ γ 6∈ N, and 2 < q <∞ (note that for such q and d ≥ 2
we always have d(1− 1/q) ≥ 1);
(vi) γ = d (1− 1/q) ≥ 1, 1 < q ≤ ∞, and α+ γ ∈ N;
(vii) 0 < γ = d
(
1− 1
q
)
+
= 1 and d = 1.
To obtain (3.18) in the cases (v)–(vii), we will use the Hardy-Littlewood-Nikolskii
inequalities proved in Subsection 2.2 and the realizations of the K-functionals from
Property 16.
Let Pσ ∈ Bσ,p be such that
(3.19) ‖f − Pσ‖p . Eσ(f)p.
From [17, Lemma 4.2] and Jackson’s inequality (1.25), it follows that
‖f − P2n‖q .
(
∞∑
ν=n
2νq1d(
1
p
− 1
q
)‖f − P2ν‖
q1
p
) 1
q1
.
(
∞∑
ν=n
2νq1d(
1
p
− 1
q
)ωα+m(f, 2
−ν)q1p
) 1
q1
.
(3.20)
Thus, taking into account realization (1.34) as well as (3.19) and (3.20), we obtain
ωα(f, 2
−n)q . ‖f − P2n‖q + 2
−αn sup
|ζ|=1, ζ∈Rd
‖Dαζ P2n‖q
.
(
∞∑
ν=n
(
2νd(
1
p
− 1
q
)ωα+m(f, 2
−ν)p
)q1) 1q1
+ 2−αn sup
|ζ|=1, ζ∈Rd
‖Dαζ P2n‖q.
(3.21)
Now, considering the case (v), we estimate the first summand in the last inequality
using Lemma 6 and (1.34). We derive
sup
|ζ|=1, ζ∈Rd
‖Dα+γζ P2n‖q . 2
αn2d(
1
p
−1)nn
1
qωα+γ(f, 2
−n)p + ‖P2n‖q.(3.22)
To estimate ‖P2n‖q, we use the same arguments as in the proof of Lemma 10 and
Corollary 11. Thus, we have
‖P2n‖q . ‖f‖q + E2n(f)q . ‖f‖q
.
(∫ 1
0
(
ωα+γ(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+ ‖f‖p
.
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+
(∫ 1
δ
(
ωα+γ(f, t)p
tα+d(
1
p
− 1
q
)
)q1 dt
t
+ ‖f‖q1p
) 1
q1
.
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+ ‖f‖p +
ωα+γ(f, δ)p
δγ+d(
1
p
−1)
ln
1
q1
(
1
δ
+ 1
)
.
(3.23)
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Thus, combining (3.21)–(3.23), we arrive at (3.18) in the case (v).
To consider the case (vi), we use similar arguments applying Lemma 8. Note that
in this case we do not need to estimate ‖f‖q.
In the case (vii), the required estimate follows from the equality
Pσ(x) =
∫ x
−∞
P ′σ(t)dt
and the Nikolskii inequality.
Let 1 < p < q <∞. In this case the proof is similar. First, we use inequality (3.17)
as follows
ωα(f, δ)q .
(∫ δ
0
(
ωα+m(f, t)p
td(
1
p
− 1
q
)
)q1 dt
t
) 1
q1
+ δα‖f‖p
+
ωα+γ(f, δ)p
δγ

1, γ > d
(
1
p
− 1
q
)
;
ln1/θ
(
1
δ
+ 1
)
, γ = d
(
1
p
− 1
q
)
;(
1
δ
)d( 1
p
− 1
q
)−γ
, 0 < γ < d
(
1
p
− 1
q
)
.
Hence, (3.18) holds in all cases except the case γ = d(1
p
− 1
q
). In the latter case, if
q < ∞, the Hardy-Littlewood inequality ‖f‖q . ‖(−∆)
γ/2f‖p and (3.21) yield (3.18).
Indeed, by Corollary 5, we have that
sup
|ζ|=1, ζ∈Rd
‖Dαζ Pσ‖q ≍ ‖(−∆)
α/2Pσ‖q
and
sup
|ζ|=1, ζ∈Rd
‖Dα+γζ Pσ‖p ≍ ‖(−∆)
(α+γ)/2Pσ‖p.
It remains to apply (1.34).
Finally, to show (3.18) in the case 1 < p < q = ∞ and γ = d/p we note that by
Lemma 9 and (1.34), we derive
sup
|ζ|=1, ζ∈Rd
‖Dαζ P2n‖∞ . 2
(α+γ)nn
1
p′ωα+γ(f, 2
−n)p + ‖f‖p.
This together with (3.21) implies (3.18). 
Corollary 13. Let 0 < p ≤ 1 < q ≤ ∞ and d ≥ 2. We have
ωα(f, δ)q .
(∫ δ
0
(
ωα+d(1− 1
q
)(f, t)p
td(
1
p
− 1
q
)
)q1
dt
t
) 1
q1
provided that α + d(1− 1/q) ∈ N. In particular, for any d, α ∈ N, we have
ωα(f, δ)∞ .
∫ δ
0
ωα+d(f, t)1
td
dt
t
.
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Finally, we note that unlike the case of Lebesgue spaces, the sharp Ulyanov in-
equality in Hardy spaces has the same form both in quasi-Banach spaces (0 < p < 1)
and Banach spaces (p ≥ 1). Recall that the real Hardy spaces Hp(R
d), 0 < p < ∞, is
the class of tempered distributions f ∈ S ′(Rd) such that
‖f‖Hp = ‖f‖Hp(Rd) =
∥∥ sup
t>0
|ϕt ∗ f(x)|
∥∥
Lp(Rd)
<∞,
where ϕ ∈ S (Rd), ϕ̂(0) 6= 0, and ϕt(x) = t
−dϕ(x/t) (see [53, Ch. III]). The moduli of
smoothness in Hp(R
d) are defined by ωα(f, δ)Hp := sup|h|<δ ‖∆
α
hf‖Hp, where the frac-
tional difference ∆αhf is given by (1.3). Using boundedness properties of the fractional
integrals in the Hardy spaces, the following sharp Ulyanov inequality in Hp(R
d) was
derived in [33].
Theorem 14. Let f ∈ Hp(R
d), 0 < p < q < ∞, α ∈ N ∪ ((1/q − 1)+,∞) and
α + θ ∈ N ∪ ((1/p− 1)+,∞), and θ = d(1/p− 1/q). Then, for any δ ∈ (0, 1), we have
ωα(f, δ)Hq .
(∫ δ
0
(
ωα+θ(f, t)Hp
tθ
)q
dt
t
) 1
q
.
Property 10. See [19, Theorem 12.2] for the proof of inequality (1.24) and [61,
Theorem 2.3] for inequality (1.23).
Property 11. The proof of the Jackson inequality (1.25) in the multidimensional
case is based on the following lemma.
Lemma 15. (See [5].) Let f ∈ Lp(R), 0 < p < 1, r ∈ N, and σ > 0. Then
1
2σ
∫
[−σ,σ]
‖f − Vσ,λ(f)‖
p
Lp(R)
dλ . ω2r+1(f, σ
−1)pLp(R)
and
1
2σ
∫
[−σ,σ]
‖Vσ,λ(f)‖
p
Lp(R)
dλ . ‖f‖pLp(R),
where
Vσ,λ(f)(x) = 2pi
∑
k∈Z
f
(
k
σ
+ λ
)
(Fϕ)(σ(x− λ)− k), ϕ(ξ) = (1 + iξ2r+1)η(ξ),
and η ∈ C∞(R), η(ξ) = 1 for |ξ| ≤ 1/2, and η(ξ) = 0 for |x| ≥ 1.
Proof of inequality (1.25). We consider only the case 0 < p < 1. The proof
of the inequality in the case p ≥ 1 can be found, e.g., in [58, 5.3.2].
First, we consider the case α = r ∈ N. Denote
Vσ,λ,j(f)(x) = 2pi
∑
k∈Z
f
(
x1, . . . , xj−1,
k
σ
+ λ, xj+1, . . . , xd
)
(Fϕ)(σ(xj − λ)− k).
Then, we have
E
d−
1
2 σ
(f)pp ≤
1
(2σ)d
∫
[−σ,σ]d
‖f − Vσ,λ1,1 ◦ · · · ◦ Vσ,λd,d(f)‖
p
pdλ1, . . . dλd.
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Using the equality
f−Vσ,λ1,1 ◦ · · · ◦ Vσ,λd,d(f) = f − Vσ,λ1,1(f)
+ Vσ,λ1,1(f − Vσ,λ2,2(f)) + · · ·+ Vσ,λ1,1 ◦ · · · ◦ Vσ,λd−1,d−1(f − Vσ,λd,d(f)),
Lemma 15, and Fubini’s theorem, we derive
1
(2σ)d
∫
[−σ,σ]d
‖f − Vσ,λ1,1 ◦ · · · ◦ Vσ,λd,d(f)‖
p
pdλ1, . . . dλd
≤
1
2σ
∫
[−σ,σ]
‖f − Vσ,λ1,1(f)‖
p
pdλ1 +
1
(2σ)2
∫
[−σ,σ]2
‖Vσ,λ1,1(f − Vσ,λ2,2(f))‖
p
pdλ1dλ2
+ · · ·+
1
(2σ)d
∫
[−σ,σ]d
‖Vσ,λ1,1 ◦ · · · ◦ Vσ,λd−1,d−1(f − Vσ,λd,d(f))‖
p
pdλ1, . . . dλd
.
d∑
j=1
1
2σ
∫
[−σ,σ]
‖f − Vσ,λj ,j(f)‖
p
pdλj .
d∑
j=1
ω
(j)
2r+1(f, σ
−1)pp,
where ω
(j)
2r+1(f, σ
−1)p is the partial modulus of smoothness.
Thus, using inequality (1.17) and the fact that ωr(f, nδ)p . n
r/pωr(f, δ)p, we have
Eσ(f)p .
d∑
j=1
ω
(j)
2r+1(f, d
1
2σ−1)p . ωr(f, σ
−1)p.
Finally, using the above estimate for r = α+k ∈ N with k > (1/p−1)+ and Property 8,
we get
Eσ(f)p . ωα+k
(
f, σ−1
)
p
. ωα
(
f, σ−1
)
p
.

Property 12. The proof of (1.27) follows the standard argument using the in-
equality ωα(Pσ, δ)p . σ
α‖Pσ‖p, 0 < δ ≤ pi/σ, see (2.2) and (2.3). 
Property 13. In the case 0 < p < 1, the property can be proved repeating step-by-
step the proof of Theorem 1 from [28] using also inequalities (1.5), (1.25), and (1.27).
For the case p ≥ 1 see [21, Theorem 8.2]. 
Property 14. In the case 0 < p < 1, the proof of the first inequality in (1.28)
easily follows from (1.25) and (2.1):
2−nα sup
|ζ|=1, ζ∈Rd
‖Dαζ P2n‖p . ωα(P2n, 2
−n)p . ‖f − P2n‖p + ωα(f, 2
−n)p . ωα(f, 2
−n)p.
To obtain the second inequality in (1.28), one needs to apply [34, Theorem 2.1], taking
into account inequalities (1.25) and (2.1).
For the case 1 < p <∞ see [34, Theorem 6.1]. 
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Property 15. The estimate & follows from the realization result given in (1.33).
To obtain the estimate ., we use the fact that the function
m(ξ) =
(
1− ei(ξ1+···+ξd)
ξ1 + · · ·+ ξd
)α
is a Fourier multipliers in Lp(R
d) for all 1 ≤ p ≤ ∞, see, e.g., [65, Proposition 1]. Then
by standard arguments, we derive for any function g ∈ Lp(R
d)
ωα(f, δ)p . ωα(f − g, δ)p + ωα(g, δ)p . ‖f − g‖p + δ
α sup
|ζ|=1, ζ∈Rd
‖Dαζ g‖p.
Taking the infimum over all g, we obtain the estimate . in (1.32). 
Property 16. First, let us prove the estimate from above in (1.33). Let Pσ ∈ Bσ,p,
δ ∈ (0, 1/σ). By Corollary 2, we estimate
ωα(f, δ)p . ‖f − Pσ‖p + ωα(Pσ, δ)p
. ‖f − Pσ‖p + δ
α sup
ζ∈Rd, |ζ|=1
‖Dαζ Pσ‖p.
It remains to take infimum over all Pσ ∈ Bσ,p.
Now let Pσ ∈ Bσ,p be such that ‖f −Pσ‖p . Eσ(f)p. Then by the Jackson inequal-
ity (1.25) and the Nikolskii-Stechkin inequality (2.2), we obtain
ωα(f, σ
−1)p . Rα(f, σ
−1)p . ‖f − Pσ‖p + σ
−α sup
ζ∈Rd, |ζ|=1
‖Dαζ Pσ‖p
. ωα(f, σ
−1)p + ωα(Pσ, σ
−1)p . ωα(f, σ
−1)p,
that is, (1.33) and (1.34) follow.
Similarly, taking into account Corollary 4, we can prove (1.35). 
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